In this work we characterize boundedness and compactness of weighted composition operators acting between Dirichlet type spaces by using Carleson measures. We also find essential norm estimates for these operators.
Introduction
Let D denote the open unit disk in the complex plane C. We will use the notation H(D) for the space of complex valued holomorphic functions on the open unit disk D. Let ϕ, ψ ∈ H(D) be such that ϕ(D) ⊆ D. Then the weighted composition operator W ϕ,ψ acting on H(D) is defined as Weighted composition operators are a general class of operators and they appear naturally in the study of surjective isometries on most of the function spaces, semigroup theory, dynamical systems, Brennan's conjecture, etc.
In this paper, we study the weighted composition operators between spaces of Dirichlet type D p α . We also obtain estimates for the essential norm of weighted composition operators on these spaces. For weighted composition operators on spaces of holomorphic functions one can refer to [2, 4, 11, 17, 20, 23] and the references therein.
For any a ∈ D, define
where σ a (z) is the Möbius transformation of D. Also 
Boundedness and compactness
In this section, we characterize boundedness and compactness of W ϕ,ψ acting on weighted Dirichlet spaces by using Carleson measures.
Let µ be a positive Borel measure on D. Let X be a Banach space of holomorphic functions on D. Let q > 0. We say that µ is an (X, q)-Carleson measure if there is a constant C > 0 such that for any f ∈ X,
For s > 0, we say that µ is an s-Carleson measure on D if there is a positive constant
for all b ∈ ∂D and 0 < h ≤ 2, where
A 1-Carleson measure will be simply called a Carleson measure. Similarly, µ is called
Also one can see that (1) and (2) are equivalent to
respectively, where |I| denotes the arc length of I and S(I) denotes the Carleson square based on I, that is Let 0 < p < q < ∞ and
a . Then we define the measures µ ϕ,ψϕ ′ ,q and ν ϕ,ψ ′ ,q on D by
where E is a measurable subset of the unit disk D. Again for ψ ∈ L q,α a , we define the measure ν ϕ,ψ,q on D by
Using [2; 8, page 163], the following lemma, whose proof is omitted, follows easily.
where g is an arbitrary measurable positive function on D.
We will state several theorems that we need for our work. Precise references are given.
Theorem 2.3 ([10]
). Take 0 < p < q < ∞ and −1 < α < ∞. Let µ be a positive Borel measure on D. Then µ is said to be a
Theorem 2.4 ([10]
). Take 0 < p ≤ q < ∞ and −1 < α < ∞. Let µ be a positive Borel measure on D. Then µ is said to be a vanishing 7] ). Let µ be a positive measure on D. Let 0 < q < p < ∞ and −1 < α < ∞. Then the following statements are equivalent:
Theorem 2.6 ([5, Theorem 1]). Suppose that 0 < q < p < ∞, −1 < α < ∞ and let µ be a positive measure in D.
Theorem 2.7. Suppose that 0 < p < q < ∞, −1 < α < ∞ and let µ be a positive Borel measure on D. If p < α + 2, then the following statements are equivalent:
(ii) The measure µ is a
The above result was proved by several authors. The equivalence of (i) and (ii) can be found in Theorem 1 of [6] , and a proof of the equivalence of (ii) and (iii) can be found in [1] . Theorem 2.8. Suppose that 0 < p < q < ∞, −1 < α < ∞ and let µ be a positive Borel measure on D. If p < α + 2, then the following statements are equivalent:
(ii) The measure µ is a vanishing
Lemma 2.9. Suppose that 0 < p < q < ∞ and −1 < α < ∞. Let ϕ be a holomorphic self-map of D and let ψ ∈ D 
Now, we can prove the following theorem.
Theorem 2.10. Suppose that 0 < p < q < ∞ and
Proof. We need to show only compactness. For this, let {f n } be a bounded sequence in L p,α a such that f n → 0 uniformly on compact subsets of D as n → ∞. Suppose g n ∈ D p α such that g ′ n = f n and g n (0) = 0 for every n. Then the sequence {g n } also converges to zero uniformly on compact subsets of D as n → ∞. Now, we have
is compact. The proof is finished. (a) For 0 < p < q < ∞ and α = p − 1, we have to take ν ϕ,ψ,q as a vanishing q/p-Carleson measure.
(b) If 0 < p ≤ 2 and α = p − 1, then we have to choose ν ϕ,ψ,q as a vanishing 1-Carleson measure.
(c) For 0 < p ≤ 1, −1 < α < p − 1 and p < q < ∞, we can take ν ϕ,ψ,q as a vanishing
Theorem 2.12. Take 0 < p < q < ∞ and
α . Also, by Theorem 2.10, we can find a constant C 2 > 0 such that
Theorem 2.13. Suppose that 0 < p < q < ∞ and
is bounded. This means that their exists a constant
That is,
Therefore by Lemma 2.2, we get
So by using Theorem A of [5] , we get that
Theorem 2.14. Suppose that 0 < p < q < ∞ and
such that f n converges to zero uniformly on compact subsets of D as n → ∞. Let g n ∈ D p α be such that g ′ n = f n and g n (0) = 0 for every n. Then the sequence {g n } also converges to zero uniformly on compact subsets of D as n → ∞.
also converges to zero. Now, we have 
is compact. Let g n be the same sequence as in the direct part. Then, we have
The proof is finished.
Theorem 2.15. Take 0 < p < q < ∞ and −1 < α < ∞
α be such that f (0) = 0. Also, by Theorem 2.11, we have
Thus by Theorem 2.3, we get that µ ϕ,ψϕ ′ ,q is a 
This means that
Therefore from Lemma 2.2, we have
Theorem 2.17. Suppose that 0 < p < q < ∞ and −1 < α < ∞. Let ϕ ∈ D p α be such that ϕ is a self-map of D and let ψ ∈ D q α . For p < α + 2, suppose that the measure ν ϕ,ψ ′ ,q is a vanishing 
, we only have to show that (ψ(f n • ϕ)) ′ q L q,α a → 0. Again by Theorem 2.10, we have ψ(f n • ϕ) ∈ D p α for every n. Hence
We replace the sets S(b, h) by the equivalent windows W (b, h) defined as
where [3, Theorem 3.12] ). This implies that there is a constant C < ∞ such that
Since f n → 0 uniformly on compact subsets of D, we can find N • such that if n ∈ N and n ≥ N • , we have that |f
Thus we have
Since the measure ν ϕ,ψ ′ ,q is a vanishing
α is compact. Conversely, suppose that W ϕ,ψ is compact. Our aim is to prove that the measure µ ϕ,ψϕ ′ ,q is a vanishing such that g ′ n = f n and g n (0) = 0, for each n. Then the sequence g n also converges to zero uniformly on compact subsets of D as n → ∞. Also by Theorem 2.14,
Therefore by Theorem 2.15, we see that µ ϕ,ψϕ ′ ,q is a vanishing Proof. For q < p, by Hölders inequality we have
Also, the composition operator C ϕ is bounded on the Bergman space, so by Theorem 4.3 in [14] , A α ϕ −1 is a Carleson measure for the Bergman space. Thus
Again W ϕ,ψ is bounded on D p α , by Theorem 2.15, we can find a constant C such that µ ϕ,ψϕ ′ ,p (S(b, h)) ≤ C h (α+2) for all b ∈ ∂ D and 0 < h ≤ 2. Thus we have
That is, the measure µ ϕ,ψϕ ′ ,q is a (α+2)-Carleson measure for L p,α a . Hence by Theorem 2.15, W ϕ,ψ is bounded on D q α . Similarly, we can prove this result for compactness.
Our next result concerns bounded weighted composition operators mapping D p α into D q α for 0 < p < q < ∞, p < α + 2 and −1 < α < ∞. Our result will be expressed in term of intergal operators: 
Again by hypothesis, the measure ν ϕ,ψ ′ ,q is a q p (α − p + 2) Carleson measure. Thus by Theorem 2.7, we have
Essential norm estimates
In this section, we find the estimates for the essential norm of W ϕ,ψ .
We need the following two lemmas. 
If µ is a (D p α , q) -Carleson measure for 0 < p < q < ∞, p < α + 2 and −1 < α < ∞, then so is µ r . Also, µ r ≤ C µ * r , where C is an absolute constant.
Proof. By Lemma 3.1, we only need to show that µ r ≤ C µ * r , where C is an absolute constant. Take an arc I ⊂ ∂D with |I| ≤ 1 − r. Let a = (1 − |I|)e iθ , where e iθ is the centre of I. Then |a| = (1 − |I|) ≥ r. By a geometric consideration, it can be proved that for any z ∈ S(I), |σ
Taking supremum over the arcs I with |I| ≤ 1 − r, we get
Therefore by Lemma 3.1, ||µ r ≤ M µ r ≤ C µ * r . Thus the result is proved with
Lemma 3.1 and Lemma 3.2 can also be proved for the weighted Bergman spaces. Only we have to take exponent
For a positive integer n, define the operators R n f (z) = ∞ t=n+1 a t z t and K n = I − R n , where I is the identity map. Now recall that the essential norm W ϕ,ψ e of a bounded operator W ϕ,ψ is its distance (in the operator norm) from compact operators, that is,
where the infimum is taken over all compact operators K.
Then we have the following lemma.
Proof. Since (R n + K n )f = f for every n, where K n is a compact operator. Then we have
Therefore W ϕ,ψ e ≤ lim n→∞ inf W ϕ,ψ R n .
In the following theorem, we give the upper and lower estimates for the essential norm of a weighted composition operator. α . Take 0 < p < q < ∞ and −1 < α < ∞. For p < α + 2, suppose that the measure ν ϕ,ψ ′ ,q is a
where
Proof. First we prove the upper estimate. Now by Lemma 3.3, we have
However, for any fixed 0 < r < 1,
Now the term |ψ(0)(R n f (ϕ(0))| is bounded as n → ∞. Thus we have
Also by Theorem 2.15, 
Therefore for a fixed r, we have
On the other hand, if µ ϕ,ψϕ ′ ,q,r denotes the restriction of measure µ ϕ,ψϕ ′ ,q to the set D \ D r , then by Theorem 2.7 and Lemma 3.2, we have
where M and M ′ are absolute constants and µ ϕ,ψϕ ′ ,q * r is defined as in Lemma 3.2. Also by using similar techniques as above, we can show that the intergal I 3 is also bounded by Similarly, we can prove the following result. Similarly, we can prove these results for the following cases:
(i) 0 < p ≤ 2 and α = p − 1.
(ii) 0 < p ≤ 1, −1 < α < p − 1 and p < q < ∞.
(iii) α + 1 < p < α + 2.
(iv) 0 < p < q < ∞ and α = p − 1.
